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A Problem: How Learn From Data?

e Typical, we use a complex statistical model,
but how to learn its parameters and latent
variables?

e Data: X
 Model: P(X | \theta, Z)



Challenge oo
 Maximum Likelihood: i .
. Overfits the data % [T e
/) : AN >

* Model Complexity v
o ComputatiOnal traCtabIIIty space of all data sets

« Bayesian Framework:

 Arising intractable integrals:
 partition function
» posterior of unobserved variables
o Approximate Inference:
 Monte Carlo Sampling: e.g. MCMC, patrticle filter.
« Variational Bayes



Outline

e The Variational Bayesian Framework



Variational Free energy

» Basic ldea:

“conditional independence is enforced as a functional constraint in the
approximating distribution, and the best such approximation is found by
minimization of a Kullback-Leibler divergence (KLD).

« Use a simpler variational distribution, Q(2), to approximate the
true posterior P(Z | X)

* Two alternative explanations
« Minimize (reverse) Kullback-Leibler divergence

Q(2) Q(Z) KL(Q||P)
P(Z1D) gQ() 95z D)+I09P(D)

 Maximum variational free energy(lower bound)

L(Q)=>.Q(Z)log P(Z,D)~ > ,Q(Z)logQ(Z) = Eg[log P(Z, D)]+ H (Q)

D QIIP)=2_Q(Z)log

log P(D)
L(Q)




Optimization Techniques:
Mean Field Approximation

 Originated in the statistical physics literature
» Conditional Independence assumption

* Decoupling: intractable distribution -> a product
of tractable marginal distributions (tractable

subgraph)
e Factorization:

Q(Z) — HQ(Zi | D)




Optimization Techniques:
Variational methods

e Optimization Problem:
 Maximum the lower bound

L(Q(Z)) = Eq()[InP(Z,D)]+H(Q(2))

» Where Q(2)=]]Q(z)
« Subject to normalization constraints:

vi. [Q(Z,)dZ; =1

e Seek the extremum of a functional:
e Euler — Lagrange equation



Derivation
» Consider the partition z={z,,z,} , where Z_, =7\Z,

» Consider Energy term,

Eqy[INP(Z,D)]=| (HQi (2.))In(z,D)dz
= [Qi(Z)[Q.(Z.)In(Z,D)dZ ,dz,
::Q(Z)<In(Z D)) ,dZ
= Q(Z)Inexp<|n(Z D)>Q o 9Z
:jQ(Z)an (2,)dZ, +InC

. « 1 .
« We define Q (Z.) =Eexp<ln(z, D)>Q_i(z_i> , where C is the

normalization constant.



Derivation (cont.)
e Consider the entropy,
HR@) =X | [1Q@)nQ )iz
=2 [[Q(z)Q.(z.)InQ,(z)dz,dz

= Z( [Q@)InQ(z)dz,)

Qi (Z-4)

=> [Q@)InQ(z)dz,
* Then we get the functional,

LQ@)=[Q(Z)INQ'(Z)dZ, +Y[Q(Z,)INQ,(Z,)dZ, +InC
=(JQ(Z)INQ(Z)dZ, - [Q,(Z)INQ(Z)dZ)+Y" [ Q. (Z,)InQ,(Z,)dZ, +InC

k #i

=[Q(z )In%dz +> [Qu(Z)INQ(Z,)dZ, +InC

=-D, (QZ)IQ'(Z))+H[Q(Z )]+InC



Derivation (cont.)

 Maximizing energy functional L w.r.£ each Q i
could be achieved by Lagrange multipliers and
functional differentiation

.0 .
Vi. D [Q(Z)IQ(Z)]-A(|Q(Z)dZ, -1)}=0
| 5Qi(Zi){ [Q(Z)1Q; (Z;)] (]Q( ) )}
* A long algebraic derivation would then eventually
lead to a Gibbs distribution; Fortunately, L will be

maximized when the KL divergence is zero,

Q(Z2)=Q(2) :%exp<ln P(Z,,Z_, D)>Q_i(z_i)

 Where C is normalization constant.



Challenge

Qi (Zi) — Qi*(zi) — exp(ln P(Zi , Z—i ’ D)>

Qi (Z;

* The expectation can be intractable.

* We need pick a family of distributions @ that
allow for exact inference

e Then Find Q'eQ that maximizes the
functional energy .



Challenge

* The expectation can be intractable.

* We need pick a family of di@ns QA that
allow for exact ce

e Then Find Q'€Q that maximizes the
functional energy .

Exponential Family



Why Exponential Family ?

 Principle of maximum entropy

entropy is maximal. More formally, letting P be the set of all proba-
bility distributions over the random variable X, the maximum entropy
solution p* is given by the solution to the following constrained opti-
mization problem:

*

p* = arg IIIEE}E.%{H(p) subject to Ep[¢a(X)] =jia for all a € 7.
’ (3.3)
* Density function:
po(T1,22,...,Tm) = exp{(é‘, o(x)) — A(H)L

\ canonical parameters

* Log partition function:

Mean parameters
A(®) = og [ exp(®, 6(x) v(ds).

AT

Lt
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Properties of Exponential family

 Mean parameters: @

“various statistical computations, among them marginalization
and maximum likelihood estimation, can be understood as
transforming from one parameterization to the other.”

o All realizable mean parameters

<”‘.i"- p) = bj

M:={peR|Ips.t. Eyfpa(X)] = pa Yo € I},

« Always a convex subset of R®

e Forward mapping
« From canonical parameters @(X) to the mean parameters @

e Backward mapping
« From mean parameters @ to the canonical parameters @(X)



* Properties of partition function A

Proposition 3.1. The cumulant function
A(B) = log/ exp(f, ¢(z)) v(dz) (3.40)

associated with any regular exponential family has the following

properties:

(a) It has derivatives of all orders on its domain 2. The first
two derivatives yield the cumulants of the random vector

¢(X) as follows:

%(ﬂ) = Eg[pa(X)] := / ¢a(T)po(z)v(dr). (3.41a)
T4 0) = Egloa(X)6s(X)] — Eolon(X)|Eslos(X
36,90, ") = Eol0a(X)2s(X)] — Egloa(X)|Ee[#5(X)]

(3.41b)

(b) Moreover, A is a convex function of # on its domain £2, and
strictly so if the representation is minimal.

Theorem 3.3. In a minimal exponential family, the gradient map
V A is onto the interior of M, denoted by M?°. Consequently, for each
i € M?°, there exists some # = 6(p) € Q such that Eg[o(X)] = p.

16



Conjugate Duality: Maximum Likelihood

and Maximum Entropy
* The variational representation of log partition function

A(0) = Sélﬁ{(f?, py — A*(p) }-

* The conjugate dual function to A

A*() = sup {¢u,6) — A(6)}:

(VA)

(VAY)

Fig. 3.8 Idealized illustration of the relation between the set {1 of valid canonical param-
eters, and the set M of valid mean parameters. The gradient mappings VA and VA"

associated with the conjugate dual pair (A, A*) provide a bijective mapping between £} and i

the interior AM°.



Nonconvexity for Naive Mean Field

* Mean field optimization is always nonconvex
for any exponential family in which the state
space is finite.

* Itis a strict subset of M(G)
« Contains all of the extreme points of polytope

Fig. 5.3 Cartoon illustration of the set M () of mean parameters that arise from tractable
distributions is a nonconvex inner bound on M(G). Illustrated here is the case of discrete
random variables where M((G) is a polytope. The circles correspond to mean parameters

that arise from delta distributions, and belong to both M(G) and M g(G). 18
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Inference in Bayesian Networks

 Variational Message Passing (Winn, Bishop, 2003.)

* Message from parents: m,_,, =(u, )

* Message to parents:  m,_, =4, (( > {m. x}_ )
g I— iecpy
e Update natural parameter vector :

@ @( I—)Y |€paY) Zm
jechy
(" ~
SEEEC

(‘pA = pa;\H,

P(X |¢) =exp[¢'u(X)+ f(X)+§(¢)]



Summary of VB

KL(Q||P)

h

log P(D)
L£(Q)

y W
VA AV AV A A A A A A A A A A e

Mean-field Assumption , _
o Conjugate-exponential
Variational Methods family
< Forward, backward
mappin
L ooligle )

1
Q(Z,) Eexp<|n P(Z;,Z_, D)>Q(Zi)0I’Q(mb(Zi )

21
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Mixture of Gaussian (MoGQG)

N K
(<12, =T T[N |44

n=1 k=1
My B n Wi
D] [D,D]
. /
W ~
«— [D,ID]
ol Ay K
N\
iy -
™ Zq b N

p(X,Z, 7z, 1, A) = p(X | Z, 11, A)p(Z | m) p(7) (1| A) P(A)



Infinite Student’s t-mixture

o0 j-1 _
DP(O[,GO) G=Z:7rj(\/)5®j ﬂj(\/):VjH(]__Vi) Vj Beta(l, @)

Dirichlet Process| | Stick-Breaking prior p(a) =Gam(a | n,,7,)

Dirichlet Process Mixture

| =] -

z” | .l'r ] ?‘ EI
| Vf( j ' 71
| \

N o0 I i

p(X) =[] 2. 7;(v)-St(x, L Aj v |, A
n=1l j=1 | ( ) I S

| W;p; |

n=1,N oo ————f---—- J »




Latent Dirichlet Allocation (LDA)

p(0.z,w|a.p) = p(8] lfi)i[lp(zu 10)p(Wn | zn, B)
B

Q\
OHO+0—@

o 0 z woN

M

Figure 1: Graphical model representation of LDA. The boxes are “plates™ representing replicates.
The outer plate represents documents, while the inner plate represents the repeated choice
of topics and words within a document.

25
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« BB—: BHELERLRSN

o EFIGARIEN . BT A, Jefferys[FE I, B R E N EE

o —ERIIG A N B HE 4> A (conjugate distribution) A A&, Hf
Jed 53 Aiih(0)-5 Ja B 73 ATh(O]x) J& T A — 73 A1 2R AL

. 3B
7.~ SymDir(K, ) }££%%%ﬁ¢ﬁ,w=ﬁ¢¢ﬁ
A ~W(W,,u,) SymDir() :KZEXFFR Dirichlets) ffi; ‘& A2 020 Ah

o . (categorical) B2 T 2 70 A H B S 56 79 A1
Hig. . ~ N(Mg, (BA) ) "W() ERWisharts fi; W £ cmEbinfm, T
2 ~Mult(7) Precisionffi 4 CGEPp 7 ZHE ) HIFEHESEL .
i=L... Mult() R 2 Wiy & IR A, RoRTE
Xic.n ~ N(,) — KA E T R —TURL, HEEEAO.

N() L TE B -

X ={X,oo, Xy PENDYIGREEA, REIUER AN 22 J0 @ B A K 4E 7] =
Z={z,...ype—HEEELE, Fz, ={z, 7, N MNEFEARXE TSRS E 7
7w ={7,,.., m AN B Hr AR A Le

My (A IR B B S o AT S B I E AR

K, cty, By Wy, Uy, MR NABEZEL (hyperparameter) , &5 E A& .



B BT RRE

[0

(p

D]

iy

N

late notation) FT/RZuEUNREHES, W,

3.;:. L “T”
[D,D]

NE T AT AR B, By vy 09 My Wos
..%TIKJE*ILE%’ ﬁﬂ 7T, ZI,XI,/Jk,A
IR

BEAK R — T KA i categorical 45 it
SR BT 2 3 72 B i — K ] ez R F A A A\ O B (e A

HAK], [D]?%/TK’ D4Ef [, [D,D]FE~DXDII4E
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PHBR-: SHEGHRE R
L4 BRSBTS A AT, BB M 6 BT AR

P(X,Z, 7w, 11, A) = p(X | Z, 1, A) p(Z | 7) p() p(ae | A) p(A)

N K
BAETFH: PXIZ, A =] [T INGG a0 AD)™

n=1 k=1

N K.
pZ|zm) =] ]~

n=1 k=1

_ I'(Ka,) v -1
P(7) = Fagy L

P(ae| A)=N(gy | mo’(ﬂoAk)_l)
P(A) =W (A, |W,,vp)

Hr, 1

z |1/2
W (A |w,v) = B(w,1) | A 272 exp(- Tr(w 'A))

NI 2) = 1)| exp{—l(x—uf Zl(x—ﬂ)}

v+1 i
2

B(W, V) :| Wl—vl2 (2VD/27Z'D(D_1)/4HF( ))—1
i=1



o B]R=. TIHEILSE E(VB- marginal)
(L) WWHRZIAZERE, WRiEVFgos,aa(Z, 7, 4 A) =a(Z2)q(z, 14, A)
Inq’(Z)=E, , \[In p(X,Z,7z, u,A)]+const

=E, [N p(X |Z, 1, A)p(Z | 7) p(x) plu| A) p(A)] +const O 555
= E.[In p(Z | z)]+ E, ,[In p(X | Z, 1, A)] + const R P

ii +« In p,, +const

n=1 k=1

1 D 1
- Hr In o, :E[In”k]+§E[|n|Ak |]_E|n(27z-)_§Eyk,Ak[(Xn_:uk)TAk(Xn_/uk)]

. WS BB, 9@« ][]

n=1 k=1

N K
o H—fb, B a7 @ =TT Tr Hep o =
n=1 k=1 Zj:lpnj
o T Q(Z) &2 B %2 i X 45 47 (single-observation multinomial distribution)
EG% /I:{ o
e HiH—F, MHEcategorical i, H E[z, ]=r,




(2) ez, q(r, 1, A) = q(ﬂ)HQ(ﬂk, )

Ing"(7z)=E, , \[P(X|Z,7,1,A)]+ const
=In p(x)+E,[In p(Z | )]+ const

=(a,- 1)Zln T, +Zz r Inz, +const

n=1 k=1

PRI HU 2 q*(n)~H7rk ”Nzlr”kt%_fﬂjr& q" (#}:Dirichlet31fi ,
o' (7)~Dir(a)

N
.’;H\:EFI a:aO—i_Nk ’ Nk ernk.
n=1



o RN S8 Ay X TR A A,

Ing (14, A ) = B e A [Inp(X|Z, 11, A ) Pt A

N
=In p(ll'lk’Ak)+ZE[an]ln N (X, |/uk’A;l) +const

n=1

221t — R ) E AN K15 B Gaussian-Wishart 741,
q*(:uk’Ak) =N (g | mk’(ﬂkAk)_l)\N (A W)

/\EI:I (ﬂk:ﬂo_*_Nk’
1
kK — o''o Nk_k’
m ﬂ(ﬂm-+ X, )

k

N, ,_ _
) 0+ k
vV, =V, + N,,
_ 1
Xy :N_Zrnkxn’
k n=1

1 & _ _
Sy :—Zrnk (X — %)X _Xk)T'
L Nk n=1



SBRN: B

E'_X‘E’ /E %UX‘J‘TE H,AE/JLQ%*%K%B gﬁ \Fﬁﬁrnk j':'j—‘jiﬁ’ rnkﬁq
ﬁﬁﬁﬁ;cpnk, M3 X ARHETElnz ] EInIA L E, 1% = 40" A (X, — )],
B A B, AR S R T = AMTEE R IR

|n7zk_E[ln|7zk|] () - W(ZK )

_1I

InA, =E[In| A, |]=Ziﬁ”(vk +21_'j+ DIn2+In|A, |

Eyk,Ak [(X, — £4 )T Ay (X, — )] = D:Bk_l +v, (X, —m, )TWk (X, —m,)

/\

- D v
Pk € 7f|<A1|</2 exp{—%—?k(xn _ mk)TWk (Xn o mk)}



Summary: Variational Inference for GMM

q'(r)~ Dir(a) | a=a,+N, CRD;;L(

q*(:uk Ay ) =N(g | mk’(ﬂkAk)_l)W (Ay W, 1)

- J

Soft-count or ESS

N N
w'=w"+N,S + PNy (X, —m,)(X, —m,)’ > (X —x )X —x )
k 0 k~k ﬁo n Nk k 0 k 0 Nk ; k \ %k k
{VBM-Step }
/ Latent variable
// [ VBE-Step
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EMvs. VB

lw-n- likelihood _

lower bound

log marginal likelihood

_lnply|m)

lower bound

Clnp(y |60

KL [a{ Il p(x v

L F(al", 01))

new log likelihood

constrained E step,

so lower bound

is no longer tight new lower fbound
e fo

— 1 p(y | 81))
IKL [ I p(x |y, 0)]

}-(qu-l] , ﬂ“]) ___________

KL [a{7 4§ Il p(x, 0 1¥))

M step

__ Inply|m)

KL [qLH'l] 9{9” [| pi{x. & | y}]

newer lower bound

new lower bound |
=1 3
——— }_I:H.-Ec ](x]qte ](6‘]) ——————————— v

VBE step

— — —
VBM step

In p(y | 8(1))

KL [a4) 1 p(x |y, 00

T[:qil+13.9“+”)

ln ply | m)

KL [:;LH'”qéH'lj | p(. @ Iy}']

1 J-_(:;_E;HHI:J::I,L;EH—”I:E)}I
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The Accuracy-vs-Complexity

trade-off

quality of approximation

‘ deterministic
methods

sampling
methods

-2 Variational Bayes (IVB)

O EM algorithm

certainty
equivaler

-

computational cost
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Application

* Matrix Factorization: Probabilistic PCA, Mixtures of
PPCA, Independent Factor Analysis(IFA), nonlinear
ICA/IFA/SSM, Mixture of Bayesian ICA, Bayesian
Mixture of Factor Analyzers, etc.

e Time Series: Bayesian HMMs, variational Kalman
filtering, Switching State-space models, etc.

e Topic model: Latent Dirichlet Allocation(LDA),
(Hierarchical) Dirichlet Process (Mixture) Model,
Bayesian Nonparametrical Models, etc.

e Variational Gaussian Process Classifiers
« Sparse Bayesian Learning
 Variational Bayesian Filtering, etc.

38
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