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Distributed Variational Bayesian Algorithms
Over Sensor Networks

Junhao Hua and Chunguang Li, Senior Member, IEEE

Abstract—Distributed inference/estimation in Bayesian frame-
work in the context of sensor networks has recently received much
attention due to its broad applicability. The variational Bayesian
(VB) algorithm is a technique for approximating intractable in-
tegrals arising in Bayesian inference. In this paper, we propose
two novel distributed VB algorithms for general Bayesian infer-
ence problem, which can be applied to a very general class of con-
jugate-exponential models. In the first approach, the global nat-
ural parameters at each node are optimized using a stochastic nat-
ural gradient that utilizes the Riemannian geometry of the approx-
imation space, followed by an information diffusion step for coop-
eration with the neighbors. In the second method, a constrained
optimization formulation for distributed estimation is established
in natural parameter space and solved by alternating direction
method of multipliers (ADMM). An application of the distributed
inference/estimation of a Bayesian Gaussian mixture model is then
presented, to evaluate the effectiveness of the proposed algorithms.
Simulations on both synthetic and real datasets demonstrate that
the proposed algorithms have excellent performance, which are al-
most as good as the corresponding centralized VB algorithm re-
lying on all data available in a fusion center.

Index Terms—Alternating direction method of multipliers, dis-
tributed algorithm, stochastic natural gradient, variational Bayes,
wireless sensor network (WSN).

I. INTRODUCTION

IRELESS sensor networks consist of an amount of
W spatially distributed nodes/agents that have limited
communication capabilities due to energy and bandwidth con-
straints. Such networks are well-suited to perform decentralized
information processing and inference tasks [1]—[5]. Distributed
approach performs inference/estimation tasks locally at each
node using its local data and the information obtained from its
one-hop neighbors. Compared with the centralized approach,
it does not need a powerful fusion center. So it is more flex-
ible and provides robustness to node and/or link failures in a
network, in addition to saving communication resources and
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energy. In view of this, many distributed inference/estimation
algorithms over networks have been proposed, such as con-
sensus-based [6], [7], diffusion-based [8]-[11] and randomized
gossip-based algorithms [12], [13]. With the development of
modern wireless sensor networks and the extension of their
application areas [14], [15], the observations are getting larger
and more complex. Therefore, it is urgent to develop advanced
in-network distributed algorithms for data analysis.

The Bayesian modeling provides us with an elegant ap-
proach to analyze massive data and its hidden structure. Sev-
eral studies use probabilistic graphical models for distributed
Bayesian inference. In [16], a distributed architecture using
message passing (or belief propagation) on a junction tree
was presented, which is constructed by the minimum span-
ning tree algorithm. But exploring the junction tree itself is
expensive in low-cost networked systems. Combined with the
belief propagation (BP), an in-network variational message
passing framework was proposed for Markov random fields
in [17]. However, the convergence can not be guaranteed in
loopy graphs and it is intractable for complex models with
non-Gaussian continuous variables. For tractability, the non-
parametric BP was developed [18], [19], which combines the
ideas from Monte Carlo and particle filtering for modeling
uncertainty. However, the sampling-based technique is not
suitable for large and/or distributed datasets due to the heavy
computational cost.

The statistical inference tasks in the Bayesian framework
often suffer from the computational intractability of posterior
beliefs [20], [21]. To deal with it, one of the most successful
methods in practice is the variational Bayesian (VB) ap-
proximation [22], [23]. In recent years, several scalable VB
algorithms for massive and streaming data that arises in large
scale applications were developed [24]-[26]. However, none
of these algorithms are suitable for the networked systems.
For example, the authors in [26] improve the scalability of
variational inference for latent Dirichlet allocation in the
MapReduce framework, but it needs a reducer (fusion center)
and multiple mappers (nodes). The goal of the present paper is
to design fully distributed variational Bayesian algorithms that
can perform almost as well as the centralized VB.

Several previous studies have developed distributed VB al-
gorithms for specific problems, especially for distributed den-
sity estimation using the Gaussian mixture model. In [27], an
approach, which uses a cyclic path to incrementally collect all
local quantities calculated at every node for the global estima-
tion, was proposed. This approach needs a prior knowledge of
the network topology and is not robust to node and/or link fail-
ures. In [28], [29], the distributed averaging strategies [30] were
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adopted to make a consensus among all nodes. In every VB step,
each node exchanges information and repeats the averaging iter-
ation many times, which exhausts the communication resources
and energy. What’s more, these algorithms are not extensible
because they need to design local/global quantities carefully ac-
cording to the specific model.

In this paper, we develop two robust variational algorithms
for general Bayesian inference in a networked system. The first
is based on stochastic optimization and distributed averaging,
called as the distributed stochastic variational Bayesian algo-
rithm (dSVB). This approach is motivated by the earlier devel-
opment on the stochastic VB [25], which can only deal with
the problem in the centralized scheme. We assume that the data
model belongs to conjugate exponential families and the ob-
served data is independent and identically distributed. Thus the
global lower bound (objective function) is decomposed by a set
of local lower bounds which are optimized in the natural pa-
rameter space. The stochastic gradient approximation is then
adopted for local calculation, followed by a combination with
its neighbors to diffuse information over the entire network.
Note that the natural gradient [31] is adopted in our approach,
since the parameter space of a distribution is Riemannian rather
than Euclidean. The benefit of the stochastic gradient is that it
can gradually learn information from data through the VB pro-
cedure with only one iteration in each VB step, which greatly
reduces the communication cost while holding high accuracy.
Furthermore, the quantity to be transmitted among neighbors is
the natural parameter vector, which provides a general form of
the message. Therefore, our algorithm is very general and can
be automatically derived.

The second novel distributed variational Bayesian algorithm
is based on the alternating direction method of multipliers
(dVB-ADMM). As a simple but powerful optimization al-
gorithm, the ADMM has been extended and developed for
distributed convex optimization in recent years [32]-[34]. It is
a very robust algorithm and few assumptions are needed for
the convergence. To the best of our knowledge, the ADMM
technique has not been applied to the VB algorithm for dis-
tributed inference/estimation. In this paper, the distributed VB
algorithm is derived by solving a constrained optimization
problem. The original variational objective function is equiva-
lently transformed into a simple convex function with respect
to the natural parameter vector. Importantly, the variational
equality constraints of distributions, which are hard to be
measured in the Riemannian space, are equivalently replaced
by the equality constraints of their natural parameter vector
using the Euclidean metric. A modified ADMM technique is
then applied to solving this optimization problem in the natural
parameter space. The message to be transmitted is also the
natural parameter vector of a global distribution, which has
much lower dimension and smaller size than the raw data.

In order to evaluate the effectiveness of the proposed
algorithms, examples on distributed clustering and density esti-
mation using Gaussian mixture model are presented. Numerical
simulations on both synthetic and real-world datasets demon-
strate that the proposed distributed approaches can perform
almost as well as the corresponding centralized one and out-
perform the non-cooperation VB and non-stochastic-gradient

based distributed VB algorithm. Furthermore, the dVB-ADMM
converges faster than the dSVB.

The main contributions of this paper are summarized as fol-
lows.

* We propose a general distributed VB framework for con-

jugate-exponential models over a network.

* We integrate the stochastic natural gradient with the alter-
nating iterative procedure over a network and propose the
distributed stochastic VB algorithm.

* We establish a constrained optimization formulation for
distributed inference in natural parameter space and de-
velop a fast distributed VB algorithm based on ADMM.

* We solve the distributed inference/estimation of a Bayesian
Gaussian mixture model in WSNs based on the dSVB and
dVB-ADMM, respectively.

The rest of the paper is organized as follows. Section II states
the problem and briefly reviews the traditional VB methods.
Section III presents the general distributed Bayesian framework
and then proposes the dSVB and the dVB-ADMM algo-
rithms. An application on the distributed inference/estimation
of a Bayesian Gaussian mixture model is then presented in
Section IV. Section V provides detailed simulation results.
Finally, conclusions are drawn in Section VI.

Notation

In this paper, we use boldface letters for matrices (column
vectors). The superscript transposition (-)7 denotes transposi-
tion, and [-];;([];) denotes the ij-entry of a matrix (i-entry of a
vector). The operator E[-] denotes expectation, and | - | denotes
the determinant of a matrix or absolute value in case of a scalar.
Moreover, Tr(-) denotes the trace operator, V() stands for the
vector differential operator, AV(-) is the Gaussian distribution,
Dix(-) is the Dirichlet distribution, W(-) is the Wishart distri-
bution, NW(-) is normal-Wishart distribution, and Mult(-) is
the multinomial distributions. Finally, I'(+) is the Gamma func-
tion, and (-) is the Digamma function. Other notations will be
given if necessary.

II. PROBLEM STATEMENT AND PRELIMINARIES

We consider a sensor network consisting of N agents dis-
tributed over a geographic region. We use graphs to represent
networks. The considered undirected graph without a self-loop
G = (V,€) consists of a set of nodes V = {1,2,...,N}
and a set of edges &, where each edge (,7) € & connects
an unordered pair of distinct nodes. For each node : € V, let
N; = {j|(i,7) € £} be a set of neighbors of node 7 (excluding
node ¢ itself).

Let us denote the observed dataset by x. The data is col-
lected by the N nodes of the network. Each node i has
N; D-dimension measurements x; = {z;;,j = 1,2,...,N;},
and the full observed data is made up of measurements
z = {z,i = 1,2,...,N}. Suppose the observed data is
independent and identically distributed and produced by a
generative model whose form is given. Generally, a generative
model with unknown parameters often consists of a set of
latent variables. In particular, we use ¥ to denote the local
latent variables and each node has a set of local latent variables
y = {y1,.-.,yy}. For notational convenience, we treat both
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Fig. 1. A graphical model with observations {x; }, local latent variables {y, }
and global parameters 8. Circles represent random variables, Filled-in shapes
indicate observed data and arrows describe conditional dependencies between
variables. The IV represents the repetition of the variables in the plate. (Though
not pictured, each variable may be a collection of multiple random variables).

the unknown parameters and the global latent variables as the
model parameters, denoted as . We group model parameters
and latent variables as “unobserved variables”, denoted as
z = {0,y}. We assume that the ith observation #; and the
ith local variable y; are conditionally independent, given pa-
rameters @, of all other observations and local latent variables.
The graphical model in Fig. 1 captures the conditional depen-
dencies among local latent variables, parameters and observed
variables.

Given the form of the generative model, VB is to approx-
imate the posterior of the unobserved variables, P(z|x), by a
more tractable distribution, Q(z). It is found by minimizing the
Kullback-Leibler (KL) divergence between these two distribu-
tions [35],

KL(Q()|P(za)) = [ QG2 m%dz

P(z,x)
)

= £(Q(z) +log P(z), )

= —Egllog | + log P(x)

the lower bound £(@Q) for the log evidence, log P(z), can be
rewritten as a summation of an energy term and an entropy term
(variational free energy),

L(Q(z)) = Egllog P(z,z)] + H[Q(z)]. @

Minimizing the KL divergence is equivalent to maximizing the
variational free energy since the log evidence is fixed with re-
spect to the variational distribution ). Thus, the inference task
is presented as an optimization problem. In order to make it
tractable, this problem is then “relaxed”.

The first relaxation is to use the naive mean field theory [36],
which limits the optimization to be optimized in a subset of dis-
tributions that are relatively easy to characterize. Specifically,
it assumes the variational posterior of the unobserved variables
can be factorized over some partitions z = {z1,..., 2},

Q(z) = ] am(zm)- 3)

Each partition z,, has its own variational distribution g, (2, ).
In other words, each partition of the unobserved variables is mu-
tually independent given the data. With the mean field assump-
tion, the lower bound can be further decomposed into a suitable
form, which is given in the following lemma.

Lemma 1: For each probability distribution, ¢,,, the varia-
tional free energy (2) can be written as

L(qr, - qu) = —KL(gnllg;,) + Hlg-m] + InC. (4)
In (4),
a1
g (zm) = c expE, , [InP(z, z)], %)

where C' is a normalizing constant, and ¢_,y, (2_,,) is the joint
distribution of z_,, (z_m 2 \ 2z, denotes all unobserved
variables except 2, ).

Lemma 1 is a general result whose proof can be found in
many literatures such as [35]. Using the calculus of variations,
it can be easily shown that the “best” distribution for ¢, is g,,,
which depends on the other distributions ¢_,,. The VB alter-
nately updates each variational posterior using

qm:q;;av'm:]wa"aM? (6)

with the other fixed. However, the VB update (5) can be in-
tractable since the expectation is in fact an integral which usu-
ally has no analytical solution. Usually, the optimization is fur-
ther relaxed by approximating the variational distribution to be
optimized in the conjugate exponential families of distributions,
a broad class of distributions that have been extensively studied
in the statistics literature [37], [38]. Specifically, we assume the
distributions of variables conditioned on their parents, as pre-
sented in Fig. 1, are drawn from the exponential family and are
conjugate with respect to the distributions over these parents
variables.

A density function in the exponential families can be written
in the canonical form

Q(z) = h(z) exp{@” u(z) — A($)}, )

where u(z) is a collection of functions of z, known as natural
sufficient statistics, ¢ is an associated (natural) vector of canon-
ical parameters, and A(¢) acts as a normalization function en-
suring that the distribution integrates to unity for any given set-
ting of the parameters. The natural parameter vector ¢ belongs
to the set (natural parameter space)

Q= {$|A(P) < +oo}, (®)

where the log partition function A(:) is a convex function of @,
and the domain 2 is a convex set [38]. We restrict our attention
to regular exponential families for which the domain 2 is an
open set.

Lemma 2: In the conjugate-exponential families, the (5) can
be reparameterized as

G (2m) = h(zm) exp{@y u(zm) — A@))}, )

where the natural parameter vector @, is a function of expecta-
tions of related natural sufficient statistics.
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Lemma 2 is also a general result. Use the properties of con-
jugate-exponential families, the variational message passing
(VMP) algorithm is formed to apply variational inference into
a Bayesian network. Following the VMP framework, Lemma 2
can be easily derived [39].

Remark 1. The expectation and covariance of the natural suf-
ficient statistics %(z,,) can be derived by

Elu(z)] = V4A(9), (10a)
E [(u(2) — E[u(2)])(u(z) — Elu(z)])"] = V3A(4), (10b)

which guarantee the computational tractability of the calcula-
tion of the natural parameter vector ¢, in Lemma 2.

Since the form of variational distributions is known in prior
and stays unchanged in the iterations, the “best” distribution
given in (9) can be totally determined and represented by its
natural parameter vector ¢,,. Therefore, the variational update
(6) can be simply written as

$,=4¢,,Ym=1,... M (11)

It tells us that the variational problem (4) can be optimized
directly through its natural parameters in the parameter space
rather than the variational distribution in the probability space.
We will take advantage of this fact in developing distributed VB
methods below.

We can write (11) in a more familiar way. The variational
Bayesian algorithm alternates between maximizing the lower
bound with respect to the variational distribution of latent
variables y and that of the model parameters 8. Therefore, the
VB procedure (11) is like that of the expectation-maximization
(EM) algorithm [40], consisting of two iterative steps

VBE: ¢, = arg n;ax£(¢y,¢2), (12a)

VBM :¢, = arg rr;axﬁ(¢z, &). (12b)
(=]
In the next section, we propose two novel algorithms to solve
the optimization problems in the VB procedure (12) in a dis-
tributed fashion.

III. DISTRIBUTED VARIATIONAL BAYESIAN ALGORITHMS

As mentioned in the Introduction, the total observed data z is
not fully accessible in a single node, which makes the distributed
inference problem difficult. Fortunately, the joint distribution
P(z,x) in the objective function (2) can be decomposed under
the conditional independence assumptions. It can be written as
the product of the conditional distributions, in which the likeli-
hood of the observed data at each node is separated, as shown

below
N

P(z,z) = P({y;},,z) = P(O) [ | P(=ily;, 8) P (y:(0)

i

= (P 11 P(y,16)) ] P(wily..0)

:P(z)HP(w,-|z), (13)

where P(x;|y,.8) is replaced by P(z;|z) in the third equation,
for notational convenience. Therefore, with a multiplication and

division step, the global lower bound £(Q) is replaced by an
average of the local lower bounds,

£(Q(z)) =Eqllog P(z, z)] + H[Q(z)]

N

= % ;N[EQ[log P(z;|2)] + [EQ[SEX]

-3 YL@, (14)
where v

£4(Q) 2 Eqllog TTZ) P2 (15)

Q(z)
The quantity £;(@Q) is the lower bound for the log evidence of
the observed data {z;}n at node i, where {-} » means that the
observed data z; is replicated NV times. Namely,

L£i(Q) < log Ep()[P(z:]2)"] = log P({z;} n).

The first inequality is derived from Jensen’s inequality consid-
ering the concavity of the logarithmic function. The equality
holds if and only if Q(z) ~ P(z;|z)Y P(z). Namely, Q(z)
is exactly the posterior of the unobserved data z given the
replicated observed data {z;}x. Although the lower bound
can be decomposed, we can not independently maximize the
local lower bound at each node to reach a global optimum.
A key observation is that the global lower bound for the log
evidence of the full observed data is definitely less than or
equal to the averaged lower bound for the log evidence of the
local replicated observed data over all nodes. Mathematically,

1 N
mng(Q) =N ;Q(Q )

| X
<N ;ﬁz‘(Q?)

| X

N Zm(gtxﬁi(Q)

i=1

(16)

where Q™ is the optimal variational distribution maximizing
the global lower bound £(Q), and @ is the one maximizing
the local lower bound for the log evidence log P({z;}x). The
equality in the second line holds if and only if Q@* is also the op-
timal solution for all the local lower bounds, which is not always
the case. So we can not find the optimal solution by individually
maximizing the local lower bound at each node, as done in the
third line, and a distributed approach has to be designed to solve
this problem.

As mentioned in the previous section, the lower bound can
be directly optimized in the space of natural parameters. The
latent variables are local variables, and we denote the natural
parameter vectors of latent variables at each node by {¢yu i =
1,..., N}. By replacing the lower bound with the decomposed
version (14), the VB procedure is rewritten as

VBE ¢Z = argrgaxﬂi(¢yi,¢;),‘7i =1,...,N,(17a)

Yi

N
VBM :¢; = arg s > Lid,.4)- (17b)
¢ =1
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Given the global natural parameters ¢;, the VBE step (17a) can
be solved individually at each node. The solution can be directly
found using Lemma 1 and Lemma 2 with a slight modification
that replaces  with {z;} 5. However, the VBM step can not
be solved straightforwardly. In the next two subsections, two
approaches are presented for distributedly computing (17b).

A. Distributed Stochastic VB

Let’s define a set of local natural parameter vectors {@y ;,i =
1,..., N} for each node. According to Lemma 1 and Lemma 2,
the “best” variational distribution for the global model param-
eters at each node with that of the latent variables fixed is g ;,
and its natural parameter vector is ¢Z ;- In other words, the local
lower bound £; is maximized at ¢, ; with ¢, fixed, namely

s, = arg max £ (8, 90)- (18)
(=}

Then the solution for (17b) is found by taking the derivative
of £; with respect to ¢,

Za,,, Za¢

= .Z a% (80— #5.5) Eslul®)] — Ady) + A#..))

i(y,.90) =

L(al95.5)

=X 5 (B0 8.0790,480) - 48)

- Z V3, Aldy) (8

where the first, second and third equalities are derived from (4),
(9) and (10a), respectively. Set the partial derivative to zero, we
obtain the solution for the VBM step (17b)

1N
N 24’2,1'-
i=1

It is an average of all the local optimal natural parameters cal-
culated at each node. If there exists a fusion center, which can
receive all local optimums from all nodes, then a centralized
VB is obtained. If a cyclic path through all the nodes could be
found, then an incremental VB algorithm can be derived. How-
ever, neither can be applied in a low-cost networked system,
since the communication resources are limited and exploring
the network topology is hard and expensive.

Distributed averaging consensus approach has been proposed
to solve this kind of problem [30], [41]. However, a key weak-
ness of this approach is that too many iterations are needed to
reach a consensus in each VB step. A diffusion-based EM algo-
rithm is proposed in [42] for distributed estimation of Gaussian
mixtures, in which each node diffuses its local statistics with
its neighbors only once per EM step (one-step averaging). One
might think that we can borrow this simple one-step averaging
idfea to develop a distributed VB, and approximate (20) using
o, = W\H deMu{ }¢93,Vz =1,...,N, where t is a
time instant and |V;] is the degree of node ¢ (i.e., the number
of neighbors of the node 7). However, it can not prov1de a good
result when the local data is imbalanced. Since the best value

—¢5.) (19)

(20)

of ¢t9,i in this procedure is totally determined by its own and its
neighbors’ local latent variables {t}SZJ }iensugiy, which is not
a representative of the whole set of latent variables {¢Z}L1
when the local data is imbalanced.

We propose a gradient-based method for distributed estima-
tion. Instead of using the first-order condition in the VBM step
to yield a local optimum ¢;7i at each node, we use a stochastic
gradient method [25], [43], followed by a diffusion procedure
[8] to get the global natural parameters (20) gradually and ap-
proximately. We denote an intermediate quantity estimated by
a gradient ascent step at node 7 as ¢y ;. After computing this
intermediate quantity, a simple combination step is followed.
Namely, for each time ¢, the update equations at node ¢ are

—1 ad * —1
<p§,i :¢t9,i + r’tv¢9£i(¢yi7¢tﬂ,i ),
t
¢9,i = Z wi]“Pé:j:

FEN;U{i}

(21a)
(21b)

where @4, , Li denotes the natural gradient [31] in a Riemannian
space (explained in following paragraphs), 7; is the step size
satisfying [43]

Y =00 ) i < oo, (22)
and {w;; } are non-negative weights satisfying
N
> wi; = Low; = 0if j ¢ N;U{i}. (23)

j=1

There are many possible rules for choosing the weights {w;; },
such as the Metropolis, the Laplacian and the nearest neighbors
rules [6], [30], [44]. In addition, we can also use some strategies
to optimize the combination weights [9], [45].

This approach is motivated by the diffusion LMS algo-
rithm [8], [46], which addresses a distributed linear estimation
problem in a cooperative fashion. Though the steady-state
performance of the diffusion cooperation scheme has been
well studied for the linear estimation problem [8], theoretical
performance analysis of the proposed algorithm (21) is hard
since the local lower bound £; is more complex. Instead of
providing theoretical analysis, we show that the procedure
(21) can be interpreted as a distributed implementation of the
stochastic variational inference [25]. Each node runs a gradient
ascent step (21a) using only the local data, which is similar to
the stochastic approximation based on the subsample [25]. The
combination step (21b), which diffuses all local estimates over
the entire network, can be considered as a procedure gradually
collecting global (all local) sufficient statistics (since @, ; is a
function of expectations of related natural sufficient statistics
as shown in Lemma 2) with the iterations of the VB procedure
(17). Compared with the one-step averaging approach, our
gradient-based approach takes the previous estimate ¢9; into
account in (21a), which is a result obtained by diffusing all
estimates among nodes over the entire network. Therefore, the
convergence point of the gradient ascent procedure (21a) is
not a solution of the local objective function £; but that of the
global objective function (17b).

This approach is based on the natural gradient [31] rather
than the standard gradient. The natural gradient of a function
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accounts for the information geometry [47] of its parameter
space, using a Riemannian metric to adjust the direction of
the standard gradient. In variational inference, the natural
gradients have been used for nonlinear state space models [48],
Bayesian mixtures [49] and latent Dirichlet allocation [25]. The
Riemannian metric rather than the Euclidean metric is used in
this paper, since the latter can not properly scale the gradient
under the manifold of a probability distribution. As we know,
different parameters of a distribution have different roles, such
as location, shape and scale, and the effect of one parameter can
be mutually influenced by the other parameters. For example
[25], the distributions A/(0,10%) and A(10,10%) are almost
indistinguishable, and the Euclidean distance between means
of those two distributions is 10. In contrast, the distributions
N(0,0.01) and N(0.1,0.01) barely overlap, but this is not
reflected in the Euclidean distance between their mean param-
eters, which is only 0.1. It is showed in [31] that the parameter
space of a distribution has a Riemannian metric structure. In
this case, the natural gradient can give the steepest direction.
In a Riemannian space of parameters, the steepest ascent di-
rection of the objective function £;(¢,,, ;) for ¢, with ¢,
fixed is given by
Ve, Li(@,,.89) = G ($5)Vg, Li(#,,.85), (24
where G~ is the inverse of the Riemannian metric and Ve, Li
is the standard gradient, which is given by
Ve, Li = Vg, A@o) @y — #;.:)- (25)
The metric G(@,) is the Fisher information matrix of a distri-
bution [50]. Since @, is a natural parameter of an exponential
family distribution P(6|@,), the Fisher metric G(¢,) defined
by P(8|@,) is the second derivative of its log partition function
A(g,). Mathematically,

G(y) =E [(Vg, log P(018))(Vg, log P(6]8,))" ]
=E [(u(6) — E[u(6)])(u(6) — E[w(6)])"]
=V, A®y),

where the third equality is derived from (10b). The natural gra-
dient of £;(@,,, @) w.r.t. @ is then simplified as

Ve, Li(@y,89) =V, 2 A$y)V g, Li(;,, 85
—5i— 5

Substituting it into (21a), we obtain the procedure for computing
the global natural parameters at each node ¢

(26)

t—1

6 ) (272)

(27b)

t—1 .t
©h.i =@, +n( Zz -

o t
¢0,i— E Wij¥e -

JEN;U{i}

At time instant ¢, each node calculates its intermediate quan-
tity gof,’i using its local data, then transfers it to its neighbors
and also receives messages {gog.j,j € N;} from the neighbors.

Since usually the size and dimension of the intermediate quanti-
ties are much smaller than the raw data, it saves the communica-
tion resources and energy to a great extent. Rather than reaching
a consensus in each VB step, the network diffuses the informa-
tion along with the VB iterations so that (27) only needs to it-
erate once in a single VB step. To further analyze this process,
we rewrite (27) into a single update:

t t—1 ot gt—1
&, = Z wijPy i+ Z wij(Py i —Py i ) (28)

FEN;U{i} JEN; UL}

The role of the first term in (28) is to diffuse information over
the entire network. The second term gradually updates estimate
using the local data and the information received from its
neighbors. The step size 7 is a trade-off between the diffusion
speed (the first term) and the learning speed (the second term).
Although the residuals in the second term would not strictly
be eliminated, a sufficiently small step size 7; ensures a small
steady state error. But a small step size also decreases the
convergence speed. Conversely, a large step size improves the
rate of convergence but might lead to instability.

Remark 2 (On the Selection of the Step Size n;): We suggest
to use a time-varying step size for the natural gradient,

1
do + 7t

M = 1 <dp, 0 <7 <1, (29)

which satisfies the conditions (22). In (29), the forgetting rate 7
controls the decreasing speed of the step size and the parameter
dy down-weights early iterations [25]. In Section V, we empiri-
cally fix dy = 1. We explore a variety of forgetting rates, and nu-
merical simulations show that 7 € [0.1,0.3] could give a good
performance for kinds of applications/problems.

For clarity, the distributed stochastic variational Bayesian al-
gorithm (dSVB) is summarized in Algorithm 1.

Algorithm 1: The dSVB algorithm

Require: Node ¢ observes data z;. The natural parameters are
initialized using non-informative priors.

1: Set the tuning parameter 7 appropriately.
2: fori+1,2,...do

3: forall: =1,...,N do

4 ¢ =argmaxg, Li($,,,84.").

>Z: time step

>VBE

5 $,; = argmaxg, Li(#),95).
6 Compute <p§1 , via (27a). > Natural gradient
7: Broadcast ¢}, ; to all neighbors in AV;.
8 end for
9 foralli =1,...,N do
10: Compute ¢;Z via (27b). > Combination
11: end for
12: end for
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B. Distributed VB Based on ADMM

In this subsection, we reformulate the VBM step as a con-
strained minimization problem, and then we use a well-studied
optimization technique, the alternating direction method of mul-
tipliers (ADMM) [32], to solve it. By adding the consensus con-
straints that local variables {@y ; } agree upon with its neighbors,
the maximization problem (17b) of the VBM step can be formu-
lated as,

min

N
— D Lild,. %)

{¢9,i}:{¢9,i,j} i—1
s.t. ¢92:‘P9,Z,j7l:1 .7N7jEM
s.t. ‘Pe.i,j :¢6',]7l = 1,...7J\T7j EM, (30)

where the auxiliary variables ¢, ; ; decouple local variables @ ;
at node i from those of their neighbors j € Af;. With the as-
sumption that the network remains connected, the consensus
constraints guarantee that problem (17b) and (30) are equiva-
lent. Since there exists a path between any two nodes in the net-
work, the consensus constraints imply that the local variables in
these two nodes are equal. Since the pair of nodes is arbitrary,
any feasible solution for (30) is also a solution for (17b).

The ADMM technique can not be used for solving (30) in
a straightforward manner. The objective function in (30) is a
function of a variational distribution, whose variational param-
eters have the Riemannian metric structure, as discussed in the
previous subsection. In contrast, the equality constraints and
quadratic penalty terms in the standard method of multipliers
are in fact using the Euclidean metric. One possible way for
solving this inconsistence is to replace the penalty term with
a more general deviation penalty, whose parameter space also
has the Riemannian character, such as the one derived from
a Bregman divergence [51]. Unfortunately, to the best of our
knowledge, there is no proof of the convergence of ADMM with
nonquadratic penalty terms available currently.

Therefore, we turn our attention to designing an objective
function using the Euclidean metric that is equivalent to (30).
Using the results derived in (26), it is easy to show that the
natural gradient of (30) with respect to @ ; is ¢, ; — ¢;, . This
implies that the following relation holds for all i,

¢91( 196, — 86.:l%) = Vg, Li(#y,.95.),

where || - || is the Frobenius norm. Consequently, the original
problem (30) can be recast as the following formulation,

1S . 1
sm;?Jg ; o — ol %
s.t. ¢9’i:<p07,i’j,i:1,...,N,j€Ni,
st. g, i =@g;i=1,...,N,j¢c N;. (31)

We could use a dual decomposition method for the sepa-
rated objective function (31). However, using the augmented

Lagrangian can bring robustness to the dual ascent method [32],
so we use this method below. Let A;j1 and A;j2 denote the
Lagrange multipliers corresponding to the constraints @, ; =
$g.;; and @4 ; ; = @, ;, the augmented Lagrangian function is
formulated as

Lo({do,i}:100,i 51 {Aij1, Aija})
N
=5 D b0 85l
7=1

+3 3 (Tr(/\;fﬂ(%,i )

i=1 jEN;

+ Tr(AZ;Q((PGij - ¢9j))>

"Z >~ (1860 E+19s.:, — 95,17 ), G2

i=1jEN;

where p > 0 is a penalty parameter. The ADMM solves (32)
in a cyclic fashion by minimizing £, with respect to the local
variables {@, ; } and auxiliary variables {¢, ; ;}, followed by a
gradient ascent step over the dual variables {A;;1, A;j2 }. Taking
the derivative of the Lagrangian (32) with respect to each vari-
able, and setting the derivative to zero, we get a closed-form
solutionVi = 1,...,N,Vj € N,

i+ t—1
;,‘i + D jen, (’\312 ’\131 + p(‘PG i T ‘p9,J, )>

t —

¢9,i - 1+ 2PNL 3

(33a)
1
(pé RN B (A:jll A:JZI) §(¢9 i + ¢(9 j) (33b)
/\Iﬂ _)‘fﬂl + p(¢ e ‘Pe,i,j)-, (33¢)
AZ]Z At 2 + p(¢9 i ¢Z’,]) (33d)
Substituting (33b) into (33c) and (33d), we have

Afjl (Azjl + Aszl) E(¢f o ¢t)a (34&)
Xij2 = (Mﬁ M)+ S g). G4v)

All the Lagrange multipliers are initialized to zeros at each node.
By mathematical induction, we know that ’\wl = /\U , and
/\ZJ1 = )\Jﬂ,VL =1,...,N,j € N; for any time instant ¢.
Therefore, the auxiliary variable <p§‘1-7 ; can be expressed as

1
bid =5 (B0t 8h,) (35)
Substituting it into (33a), we have
g = BT e 8o v 40)
8,0 — 1+ QPAVz '
where )\2 = > JEN: )\ﬁjl denotes a local aggregate Lagrange

multiplier. By substituting (35) into (34a), we obtain an iteration
equation for the local aggregate Lagrange multiplier

X=X T2 Y (8, dh)

JEN;

(37



790 IEEE TRANSACTIONS ON SIGNAL PROCESSING, VOL. 64, NO. 3, FEBRUARY 1, 2016

Thus, the auxiliary variables {¢, ; ;} now is eliminated. Alter-
nating between (36) and (37) for all nodes solves the optimiza-
tion in the VBM step. Thus, we solve the problem (17) in a dis-
tributed fashion.

We restrict the ADMM procedure (33) to running only
one time in each VBM step in order to save communication
resources and energy. However, a numerical issue will arise,
which will not happen when the ADMM runs multiple times
until it converges. Note that unlike the procedure (27a), (27b) in
the dSVB approach, the update (36) is not a convex operation
because the sign in front of the multipliers Aﬁ is negative. As a
result, the updated natural parameters ¢t37i may not belong to
the convex set €2 defined in (8) though ¢§21 is in the convex set.
In other words, the log partition A(¢§’i) may become infinite.
For example, the covariance matrix in a normal distribution
may become negative definite.

To handle with this issue, a possible solution is to use the
projected gradient algorithm [52]. Using this method, the pro-
cedure of minimizing the augmented Lagrangian function (32)
w.r.t. @, ; subject to the constraint ¢y € €2 can be written as two
steps

*,t t—1 t—1 t—1
&f _%0i T 2X T 2 en, (B0 T o)
o 1+ 2p]\72

» (38a)

. ~1
¢t07i = arg min ¢s — @0.:l%» (38b)
7]

where the first step is exactly the same as (36), and the second
step is the projection of ¢, ; onto set 1. Unfortunately, this
extra projection step may make the optimization variable qu ;

far away from the optimal value (20) when the point (7’21 is
far away from the domain 2. Hence, we do not simply use this
method.

Instead, we use a trick to handle with this numerical issue.
We introduce a time-varying parameter ; to control the evo-
lution of the dual variables A;. By replacing the step size p/2
with r¢p/2, the new gradient ascent iteration for the multipliers
becomes

M= A 4 kp/2 Z (6. — ¢§,j)-

JEN;

(39)

Note that the local optimums {¢j ; } among nodes could be very
different, and the residuals (i.e., dual variables) among nodes
could be very large at the very beginning stage of the ADMM
iterations. Thus the difference between AL and A:™" could be
very large. The fact that the sign in front of /\Z is negative in
(36) may make the point ¢§’i not in the convex set §2 after the
step (36). So we set a small value for x; at the very beginning
stage to ensure ¢27i being in the interior of the set €2 (or being
not in the interior but close to it, hence the projection step (38b)
can be applied), and gradually increase it until it reaches 1. We
use the following simple equation for updating the time-varying
scalar factor,

kp=1— ———— 0<£<1,

TEYDE (40)

where the parameter £ controls the increasing speed. Although
the optimal value of £ may depend on the observations, numer-
ical simulations show that a small value of £ is usually a good
choice. We set £ = 0.05 in the following examples.

The distributed VB algorithm based on ADMM (dVB-
ADMM) is summarized in the Algorithm 2.

Algorithm 2: The dVB-ADMM algorithm

Require: Node ¢ observes data z;. The natural parameters are
initialized using non-informative priors.

1: Set the penalty parameter p appropriately.
2: SetA; = 0,Vi.
fori<—1,2,...do
forall: =1,...,N do
¢vzt = argmaxy, L; (¢y,¢§21)

3 >¢: time step
4

5

6: ¢;f = arg maxg, E.L-(¢:’it, &)

7

8

9

> VBE

Compute 43;71- via (38). > Primal update

Broadcast q)é’i to all neighbors in A;.

end for
10:  foralli=1,...,N do
11: Compute X! via (39). > Dual update
12: end for
13: end for

Remark 3 (On the Selection of the Penalty Parameter p):
Unlike the step size 7, in the dSVB algorithm, the step size
p in (37) is not necessarily to be time-varying and to satisfy
the condition (22). So we can choose a fixed step size p. Nu-
merical simulations in Section V will illustrate that p affects
the convergence speed of the algorithm. To explain this, we
refer to i = 3 JeN; (¢! — ¢§) as the primal residual and
st = pd e Mw(qﬁ; - ¢§71) as the dual residual at iteration
t, which can be derived from the primal and dual feasibility
conditions for problem (31). A large value of p leads to a large
penalty on violations of the primal feasibility and so tends to
produce a small primal residual. Conversely, a small value of p
would produce a small dual residual, which in turn may induce
a large primal residual. Numerical simulations in Section V sug-
gest that a relatively small value of p is preferable.

Remark 4 (On the Convergence of the dVB-ADMM): Since
the distributions here belong to the conjugate-exponential
family, the space of natural parameters is always convex [38].
Thus, the “best” natural parameter ¢, in Lemma 2 can always
be found. In other words, the solutions of the VBE step (17a)
and the local optimization problem (18) at each node exist and
can be easily obtained. In the dVB-ADMM, the solution of
(18), in obtaining which we uses the solution of (17a), is the
local quantities {qb;f} in (36). The VBE step (17a) and the local
optimizing step (18) can be viewed as a part of the alternating
procedure of the ADMM. As we know, the ADMM is proved to
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converge in the context of distributed consensus problems [32],
[53], [34]. So, with appropriate penalty parameter, the ADMM
iterations (17a), (18), (36) and (39) can guarantee convergence.

IV. DISTRIBUTED VB FOR GAUSSIAN MIXTURE MODELS

In recent years, the mixture models over sensor networks
have been studied and applied to distributed density estimation,
distributed clustering, etc. [27], [41], [42]. A standard method
for this inference/estimation problem is based on the EM algo-
rithm under the maximum likelihood (ML) framework. How-
ever, ML is well-known for its tendency toward overfitting the
data and its preference of complex models. A fully Bayesian
treatment of mixture modelling can avoid overfitting by inte-
grating out the parameters and identity the optimal structure of
models by automatically penalizing the complex model with a
lower posterior probability. Unfortunately, the computation of a
posterior probability in a Bayesian mixture model is intractable.
The VB method provides an analytical approximation solution
for this problem [22], [23]. In this section, the proposed algo-
rithms, the dSVB and dVB-ADMM, are applied to a Bayesian
Gaussian mixture model (GMM).

Consider a general wireless sensor network with N
nodes. Each node ¢ has N; D-dimension measurements
z;;(i =1,2,...,N,j =1,2,...,N;). Due to the limitations
on energy and communication resources, we can not collect all
the data together, so we need to process the data distributedly.
We assume the measurements are modeled by a mixture of
Gaussians with K components. Each component is a Gaussian
distribution with the mean g, and covariance /\,;1,

|Ak|1/2

AL =G (@i =) T Ak (@i,
(2m)D/2

N (@i e Ay ') =

The Gaussian mixture distribution for observation x;; is

K
A) =D N (@il ALY,

p(I'ij |7T,ll., (41)

k=1
where = {7‘—17"'77TK}3 ] = {”‘17--.7#1(} and
= {A4,...,Ak}. The standard mixture distribution (41)

does not belong to the exponential family and therefore cannot
be used directly as a conditional distribution within a conju-
gate-exponential model. Instead, we introduce an additional
discrete latent variable {y;} for each node, which indicates
from which component distribution each data point was drawn.
Hence, the local distribution at each node can be written as

N; K
P({z: )}~y 1, A) :HH (i, Ay YNk (42)

where y; = {y;1,... 9y, } and Yij = {vij1, vijas - - -5 YiKc )
The conjugate priors of the parameters and latent variables
need to be specified. The prior of y, at node ¢ is a product
of multinomials, conditional on the mixing coefficients, which
are assigned a Dirichlet prior. The means are assigned mul-
tivariate Gaussian conjugate priors, conditional on the preci-

sion matrices (inverse covariance matrices), which are assigned
Wishart priors. All priors are given by

Ply;|m) = HMult (1,7) (43a)
P(rm) = Dlr(K ag), (43b)
MlA HN Ko, 60Ak) )7 (430)
k 1
H (Wo,10). (43d)

With these priors, the generative model for each node : is then
factorized using the conditional independence,
P({xi}Nv Y, T, 1, A)

= P({zi}~y;. m, A)Py;|m) P(m) P(p|A) P(A).

With the mean field assumption, the joint variational distribu-
tion of the unobserved variables is factorized as

H q(pr, | Ak )q(Ar).

k=1

Q(yivﬂ-uu'? A-) =4q yz

Using the VB update (5), the “best” variational distribution can
be simply derived. As a general result for a conjugate-exponen-
tial model, the form of each distribution is the same as its prior.
Specifically, the local optimal variational distributions at node i
(only using local data) are

N;

g*(y;) = [ Mult(L,ri1,...,mi5x), (44a)
=1

q*(ﬂ'i) :Dir(ail,...,a.iK), (44b)

T (Bir Ai) = Mg, GirAir) YW Wik, vir,), Yk, (44c)

where the update equations for the hyperparameters are given in
the Appendix A. The parameters of ¢*(y,) depend on the suf-
ficient statistics of ¢* (m;) and ¢* (g, Aix ), Yk, whose parame-
ters in turn depend on the sufficient statistics of ¢*(y;).

To apply the dSVB and dVB-ADMM to a specific model, all
we need to do is to derive the local optimum of global natural
parameters (18). Note that the natural parameters can be viewed
as a function of the hyperparameters, and the hyperparameters
can be simply transformed to a natural parameters. It is not nec-
essary to consider the latent variables {y; } since they are local
variables. As for the mixing coefficients {mr;}, the natural pa-
rameter vector of the Dirichlet distribution is

¢,,i:[ai1—1,...

The natural parameter vector of the normal-Wishart Distribution
is given by

JOGK — 1}T

Vik—D
[ 2
,_Wl
¢I—‘ik:Aik - \‘ kﬁlkmlk J Vk - 1 K
7%5%

To simplify the notation and to keep notational consistency, we
introduce a global natural parameter vector @ ; for the joint
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distribution q*(ri)Hi{zlq*(ﬂik,Aik) (also in exponential
family), defined as

T T T
¢0,i = [¢1riv¢““,Ail7 (R 7¢p.“\,-,AiK]T' (45)

This global natural parameter vector is the message to be ex-
changed among nodes. As we see, it is very different from those
in the literatures [27], [42], [41], who use the model parame-
ters or sufficient statistics directly. In our method, the natural
parameter vector is properly scaled, therefore we do not need
to adjust them manually. Substituting the update equations (in
Appendix A) of the hyperparameters into (45), we can see that
these quantities are very close to the sufficient statistics, but the
prior information are included in our framework. In fact, the nat-
ural parameter vector is a function of the expectation of related
sufficient statistics, as illustrated in Lemma 2.

At the tth iteration of the distributed VB procedure at node ¢,
the local optimal hyperparameters of the global distributions are
denoted as {a;" Y, {m '}, {85}, {W '} and {¥}’ } and sum-
marized using a natural parameter vector d);f (corresponding to
the quantity in (18)). Once the update equation of the natural pa-
rameter vector is derived and substituted into Algorithm 1 and
Algorithm 2, the dSVB and dVB-ADMM algorithms for dis-
tributed inference/estimation of Gaussian mixtures are immedi-
ately obtained, respectively.

V. EXPERIMENTAL RESULTS

In this section, the performance of the proposed VB algo-
rithms for distributed inference/estimation of Gaussian mixture
model is evaluated via numerical simulations on both synthetic
and real-world datasets.

A. Performance of the Distributed Stochastic VB Algorithm

We consider a randomly generated sensor network with 50
nodes. The nodes are randomly placed in a 3.5x 3.5 square, and
the communication distance is taken as 0.8. The constructed
connected network has 144 edges, as shown in Fig. 2. The 2-di-
mensional observations are generated from the mixture of three
Gaussian components (K = 3). The corresponding parameter
settings are as follows

T =(0.32,0.45,0.23),

1 = (1.5, 3.5), o = (4,4), ps = (6.5,4.5),

0.6, 0.4 06, -04
1 =3 = {0.4, 0.6] 22 = [—0.4, 0.6 ]

Each node has 100 data observations available (N; =
100, = 1,...,50). In the first 15 nodes (node 1 to node 15),
80% observations come from the first Gaussian component
and the other 20% observations are evenly from the other
two Gaussian components. In the next 20 nodes (node 16 to
node 35), 90% observations come from the second Gaussian
component and the other 10% are observations evenly from the
other two Gaussian components. In the last 15 nodes (node 36
to node 50), 60% observations come from the third Gaussian
component and the other 40% observations are evenly from the
other two Gaussian components.

The measure of performance used here is different from
that used in the previous works [29], [34]. Firstly, we point

Fig. 2. Network connection.

out that the local/global free energy can not correctly assess
the algorithm’s performance, because the average of all local
lower bounds, which is obtained by maximizing each local
free energy independently, is always greater than or equal to
that obtained by maximizing the global free energy, as shown
in (16). Secondly, the simple mean squared error (MSE) of
estimates can not evaluate the algorithm’s performance well,
since natural parameters differ greatly in magnitude. The one
that has the largest magnitude will impact the MSE more than
the others. The KL divergence is a good measure of the differ-
ence between two distributions. It can measure the information
lost when using one distribution to approximate another. In
general, we can not use the KL divergence as the measure of
performance, since the true posterior is unknown. However, in
this synthetic example, we can compute the ground truth poste-
rior of model parameters P(8|¢,) in closed form based on the
Bayes’ theorem [22], since the ground truth observation model
belongs to exponential families and it has a conjugate prior.
Thus, we use the KL divergence between the joint variational
distribution of model parameters (8¢, ;) estimated at each

node and the ground truth posterior P(8]¢,),

d(By.:,9) = KL(Q(8184.)|| P(6]9y)).

to assess the local performance, and the mean of all KL diver-
gences to assess the global performance. Since ) and P are the
same joint distribution (with different parameters) belonging to
the exponential families, the KL divergence can be easily ob-
tained in terms of a closed-form expression. The detailed com-
putation of the KL divergence is given in Appendix B.

For comparison, we simulate the centralized VB algorithm
(cVB) for the GMM, in which the global natural parameters (20)
are computed by using all local quantities in a fusion center.
We also simulate the non-stochastic-gradient based distributed
VB algorithm (nsg-dVB), in which each node only uses its local
optimum to diffuse the information with its neighbors.

There are two types of parameters needed to be determined
for the dSVB. The first is the combination weight. In all of the
following experiments, we simply assign it using the nearest
neighbors rule [30],

s { Wiy ifJ e NiUi
0, elsewise

(46)

(47)

Ws 4

where |V;| denotes the degree of node +.
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Fig. 3. Error bars comparison between centralized VB and distributed SVB for
various values of 7.
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Fig. 4. The evolution of the mean cost (KL divergence) among all nodes of the
dSVB(7 = 0.2), compared with the cVB and nsg-dVB.

The second is the forgetting rate T for the step size 7; in (29).
As analyzed in Section III-A, the choice of the forgetting rate
T is important for the performance of the dSVB. We next show
how the performance depends on the value of 7 numerically.
Fig. 3 shows the means and the standard deviations of the cost
(46) among all 50 nodes obtained after ¢ = 2000 iterations for
different values of the forgetting rate 7 with the same initial-
ization. For comparison, Fig. 3 also shows the cost of the cen-
tralized VB. As we see, the mean of the cost is approximately
minimized in the interval [0.1, 0.3] and making it either smaller
or larger will lead to a higher cost. The standard deviation of the
cost measures the difference of estimates among all nodes. This
test reveals that the standard deviation goes down when the for-
getting rate increases, because the step size 7; becomes smaller,
so as the residuals in the second term of (28). Taking both the
mean and standard deviation of the cost into account, we choose
7 = 0.2 in the following simulations.

In the second simulation, the performance of the dSVB is
tested and compared with the cVB and nsg-dVB. Fig. 4 shows
the evolution of the mean cost (KL divergence) with the iter-
ations. The non-stochastic-gradient based VB (nsg-dVB) algo-
rithm gets stuck at a local optimum and induces a very large
bias, because the previous combination effect is eliminated by
the VBE step and only the local information is utilized in every
VBM step. Unlike the nsg-dVB, the dSVB improves the esti-
mates gradually with the information diffused over the entire

network. Finally the dSVB reaches a result as good as the cen-
tralized VB.

In Fig. 5, the final estimates among all nodes obtained after
3000 iterations (the dSVB converges after 1000 iterations in
most cases) are compared with those obtained by the cVB and
nsg-dSVB. It can be seen that the estimates obtained by the
nsg-dVB are very different among all nodes. In contrast, the es-
timate obtained by the dSVB at each node is very close to that
obtained by the centralized VB. It is worth pointing out that al-
though the local observed data at each node is imbalanced, all
local imbalanced data together is balanced. The dSVB scheme
can maintain a balance between the information from local data
and that from neighbors. As an example, Fig. 6 shows the con-
tours of models estimated by different approaches at a randomly
selected node. As we see, the nsg-dVB can not correctly esti-
mate the mixture model, and it is still strongly impacted by the
local imbalanced data. As for the dSVB, the estimated model is
almost the same as the cVB’s and the ground truth. The other
nodes have similar results, which are not given due to space
limitations.

B. Performance of the Distributed VB-ADMM Algorithm

In this subsection, the performance of the dVB-ADMM is
tested using the same configuration established in the previous
subsection.

The first experiment explores the convergence property of the
dVB-ADMM with different values of the penalty parameter p.
Fig. 7 reveals that a small value of p can give faster convergence.
While larger values of p ensure that the natural parameters per
node achieve the same value faster, since it produces smaller
primal residuals {r!}, as we have analyzed in Remark 3. Note
that if the value of p is too small, the primal residuals among
nodes may become very large at the very beginning stage of VB
iterations, which may give more chance to natural parameters
to be out of the domain €2. In this simulation, the covariance
matrices of Gaussian components sometimes become negative
definite when p < 0.5 (without projection). Therefore, the value
of p should be small for the fast convergence speed but not too
small. Unless otherwise specified, we choose p = 0.5 in the
following experiments.

Next, we compare the performance of the dVB-ADMM
with those of the ¢VB and dSVB. Fig. 8 shows that the
dVB-ADMM outperforms the dSVB both in the convergence
speed and the accuracy. Using the dSVB, the cost and differ-
ences among nodes decrease gradually and smoothly. While,
in the dVB-ADMM, the estimate values and their differences
among nodes fluctuate within a wide range at the beginning
stage of iterations, but become very stable after a few hundreds
of iterations. The dSVB gets converged after about 1000 itera-
tions, while the dVB-ADMM only needs about 200 iterations
to reach the same accuracy.

C. Evaluation of the Robustness of the Algorithms

In the above experiments, the distribution that draws the local
sampled data from is very different for different nodes, but the
number of the local sampled data points at each node is assumed
to be the same. In this setting, both the dSVB and the dVB-
ADMM approaches perform well. However, in many practical
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Fig. 5. The values of the estimated mixing coefficients (left), means (middle) and covariances (right) using the cVB, nsg-dVB and dSVB. The vector (means) and
matrices (covariance) values are visualized by their entries for a better comparison in 2D coordinates.
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Fig. 6. The contours of the estimated mixture model at a randomly selected
node (node 67) using the dSVB and nsg-dVB compared with the cVB’s.
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Fig. 7. The evolution of the means and standard deviations of the cost (KL
divergence) of the dVB-ADMM algorithm with different penalty parameters p,
compared with the cVB.

cases, the number of the sampled data point at each node could
be very different. In order to test the robustness of the proposed
algorithms, we evaluate their performance in this case. Further-
more, note that the number of nodes in different networks may
be very different either, we will show that our approaches are
scalable and can be applied into networks with different sizes.
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Fig. 8. The evolution of the mean and standard deviation of the cost (KL di-
vergence) of the dVB-ADMM (p = 0.5), compared with the dSVB (7 = 0.2)
and the cVB.
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Fig. 9. The number of data at each node (top) and the average performance
(bottom) of the dSVB and dVB-ADMM with the imbalanced data, compared
with the nsg-dVB and cVB.

1) The Case of the Unequal Data Sizes: In this experiment,
we consider the case that the observed data sizes among dif-
ferent nodes are unequal. They are randomly selected from
40 ~ 160, as shown in the top panel of Fig. 9. The distribution
parameters are kept the same as those in the above simulations.
All data samples are randomly generated from the whole
Gaussian mixture model. In this setting, Fig. 9 illustrates that
the dSVB and dVB-ADMM can also perform much better than
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the nsg-dVB and almost as well as the centralized VB. The
unbalancedness of the sample size has no significant impact on
the performance. In fact, in the process of deriving the algo-
rithms, we have never made any assumption about the number
of the local data, and the natural parameter vector already
carries this information. This again explains why the natural
parameter vector is a good choice of the message exchanged
among nodes.

2) The Case of Different Network Sizes: In the situation with
different network sizes, the performance of both algorithms are
evaluated here. The density of networks remains unchanged. To
ensure this, the communication distance still remains 0.8 and the
square, where the nodes are randomly placed, is proportionally
zoomed in and out. Other settings are kept unchanged. We test
various sizes of networks and three of them (N = 30, 80, 100)
are shown in Fig. 9. With the increase of the network size, the
total number of iterations needed to get converged increases. It
is inevitable because the local data is partial and the full infor-
mation is distributed to all nodes. Nevertheless, the convergence
can still be achieved and the performance is still good.

D. Clustering of Real Data

In this subsection, we examine the proposed algorithms for
distributed clustering using GMM on three real-world datasets.
We use the accuracy or the misclassification rate to measure
the clustering performance. For comparison, except simulating
the cVB and nsg-VB, we also simulate the non-cooperation VB
algorithm (noncoop-VB), in which each node performs the VB
without cooperating with its neighbors.

1) Atmosphere Data: To get an overall evaluation of the at-
mosphere quality, we can collect air samples distributedly using
a WSN. The evaluation task is then taken by utilizing local
computation and one-hop communication in the WSN. In this
experiment, we use the real atmosphere data provided by [3].
A total of 1600 samples (including 830 clean air and 770 pol-
luted air samples) are used, each with entries, the sulfur dioxide
(S05), nitrogen dioxide (NO3) and PM10. We use a WSN
with 20 nodes, each with randomly allocated N = 80 measure-
ments. The algebraic connectivity of the network is 0.24 and
the average degree is 4.8. For this clustering task, the tuning pa-
rameters for the two proposed algorithms are set as 7 = 0.2
and p = 1, respectively. Table I shows the average accuracy
and the number of misclassification samples for different al-
gorithms over 300 independent Monte Carlo simulations with
random initializations. Fig. 11 depicts the clustering results of
different algorithms in one trial. From these results, we see that
the numbers of the misclassification samples of the dSVB and
the dVB-ADMM are much lower than that of the noncoop-VB
and the nsg-dVB while very close to that of the cVB.

2) Ionosphere Data: To give an overall analysis of the iono-
sphere, a radar sensor network can be used to collect the radar
returns from the ionosphere and cooperatively figure out which
ones are “good” (showing evidence of some type of structure in
the ionosphere) and which are “bad”. To simulate this scenario,
we perform the algorithms on the ionosphere dataset from the
UCT learning repository [54]. This radar data was collected from
aphased array of sixteen high-frequency antennas in Goose Bay,
Labrador. There are 351 observations (including 225 “good”

dVB-ADMM,N=100
dVB-ADMM,N=80
dVB-ADMM,N=30

dSVB, N=100

KL(QIIP)

0 1 2 3

10 10 10 10
Iterations

Fig. 10. The average performance of the dSVB and dSV-ADMM with different
network sizes (N = 30, 80, 100). The tuning parameters are set as 7 = 0.2,
p = 0.5 for all cases.

cVB / dVB-ADMM

noncoop-VB

o clean air
% *  polluted air

nsg-dvB dsvB

PM10
o
o

L.
0.5 3 0.5

0.5
00 00
NO, S0, NO, SO,

Fig. 11. Clustering results of different algorithms on the atmosphere dataset in
one trial.

TABLE I
THE ACCURACY AND AVERAGE NUMBER OF MISCLASSIFICATION SAMPLES OF
DIFFERENT ALGORITHMS ON THE ATMOSPHERE DATA

| Algorithm || Accuracy (%) | # misclassification samples

cVB 100.00 0.00
noncoop-VB 89.75 164.06
nsg-dvVB 98.99 16.15

dSVB 99.89 1.73

dVB-ADMM 99.99 0.03

and 126 “bad” radar returns) with 34 continuous attributes. We
use the same sensor network as that in the previous experiment.
The algorithms’ parameters are set as 7 = 0.2 and p = 16.
The evaluation is performed by averaging over 300 independent
Monte Carlo simulations with random initializations. For each
simulation, 340 observations are randomly selected from the
whole dataset and uniformly distributed to 20 nodes. As shown
in Table I1, the dSVB and the dVB-ADMM outperform the non-
coop-VB and the nsg-dVB. Surprisingly, the dVB-ADMM can
even get higher accuracy than the centralized VB.

3) COIL-20 Data: In many practical image processing ap-
plications, in order to obtain multi-aspect rich information, im-
ages are often acquired from many different positions in an envi-
ronment. In this case, a WSN with sensor nodes equipped with
tiny cameras can be used. To simulate the above scenario, we
use the proposed algorithms for cooperatively solving an object
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TABLE 11
THE ACCURACY AND AVERAGE NUMBER OF MISCLASSIFICATION SAMPLES OF
DIFFERENT ALGORITHMS ON THE IONOSPHERE DATA

Algorithm || Accuracy (%) | # misclassification samples |
cVB 82.08 60.94
noncoop-VB 59.65 137.19
nsg-dVB 64.89 119.36
dSVB 78.25 73.96
dVB-ADMM 85.59 49.00

)
—#— noncoop-VB
--{-- nsg-dVB

\ --4O-- dSVB (1=0.2)
—£A— - dVB-ADMM (p=16)

Accuracy (%)

Number of clusters

Fig. 13. Accuracy versus the number of clusters on the COIL-20 dataset.

classification problem using the COIL-20 image dataset [55]. It
contains 20 objects. The images of each objects were taken 5
degrees apart as the object is rotated on a turntable and each ob-
ject has 72 images. Some sample images are shown in Fig. 12.
The size of each image is 32 x 32 pixels, with 256 gray levels
per pixel. Thus, each image is represented by a 1,024-dimen-
sional vector. To speed up iteration and to avoid the covariance
matrix being singular, we apply PCA to reduce the dimension
to 52, which keeps about 90 percent information according to
the eigenvalues. We use a WSN with 10 nodes. The algebraic
connectivity is 0.51 and the average degree per node is 3.0. For
each given cluster number K (ranges from 2 to 10), 30 tests are
conduced on randomly chosen clusters. For each test, the cor-
responding images are randomly grouped into 10 subsets and
uniformly allocated to the 10 nodes. The tuning parameters are
setas 7 = 0.2, p = 16.

The final performance scores for each clustering number K
were computed by averaging the scores from 300 independent
tests with random initializations. Fig. 13 shows the plots of the
clustering performance versus the number of clusters. As we
see, our proposed dSVB and dVB-ADMM algorithms perform
almost as well as the centralized VB (cVB), and much better

than the nsg-dVB and noncoop-VB. In some cases (when K
< 7), the dVB-ADMM can achieve better clustering results
than the centralized VB. The reason is that our distributed al-
gorithms can be seen as the sparse and incremental variants of
the VB algorithm [56], which might be less sensitive to initial-
ization and on average they can find better local optimum more
often than their centralized counterparts with random initializa-
tions. Thus, distributed algorithm with multiple parts of data
might have more advantage to avoid obtaining a worse local op-
timum than centralized algorithm with the whole data. Similar
phenomena have also been observed in other distributed clus-
tering algorithms [3], [34].

VI. CONCLUSION

In this paper, two distributed variational algorithms are pro-
posed for general Bayesian inference in a networked system.
The variational problem is recast as an optimization problem in
the natural parameter space. The variational free energy is de-
composed as a set of local lower bounds. Each node runs the
VBE step by maximizing the local lower bound with respect
to the local latent variables. The VBM step is solved in two
distributed schemes. In the dSVB scheme, a stochastic natural
gradient is adopted for gradually improving the estimates with
the local data and a combination step is used for the cooper-
ation with neighbors. In the dVB-ADMM scheme, the varia-
tional optimization is redefined as a constrained minimization
problem with a modified objective function. The ADMM tech-
nique is then used to solve this constrained optimization. In both
schemes, each node only needs to exchange low dimensional
natural parameters with its neighbors.

An application of the distributed inference/estimation of
a Bayesian Gaussian mixture model is then presented, to
evaluate the effectiveness of the proposed algorithms. The
numerical simulations on both synthetic and real-world datasets
demonstrate that the proposed algorithms outperform the
non-stochastic-gradient based distributed VB (nsg-dVB) and
non-cooperation VB (noncoop-VB) algorithms and they both
can perform almost as well as the centralized VB (¢cVB). Both
of the algorithms exhibit resilience to data imbalance and is
applicable to networks with different sizes. The dVB-ADMM
approach converges faster than the dSVB, but even the dASVB
algorithm performs much better than the competing algorithms
in the literature.

Further development includes expanding results to the non-
conjugate exponential family and developing distributed algo-
rithms for dynamic Bayesian networks.

APPENDIX

A. Distributed VB for Gaussian Mixtures
The hyperparameters for (44a), (44b) and (44c) are
K
Tijk = Pijk/ Zpijk,mik = i‘(ﬁ(]ﬂ'(] + RinZix),
k=1 Bt
ai = ao + Rk, Bik = Ba + Rik, Vi, = vo + Rig,

- Ry
W, =W, 4+ RSy, + PRk

Bo+ Ron (Zir — 1o)(Eik — 1o)"
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where the sufficient statistics are given by

D
In p;;r =E[Inm;] + 2[E[ln |Aikl] = — ln(27r)
1
T3 InE, , A l(@i; — /l’ik)TA‘ik(a;ij = Bl
Ry, = NZ Pijhs Bik = 7o Z Tijk®ij
J=1 ik J=1
N
S, = Rzk le Tijk ILJ zzk)(-'vz] - -le:)T

The expectations in the above formulae are derived using (10a),

K
§ Qi |,
i=1

D .
+1-
Efln [Aul] = v <%> +DIn2+1n Wy,
=1

[E[lnﬂik] = w(azk) -

= Dﬁi‘kl

*mik)7

— )]
— m) W, (=45

Epodi (@i — #ik)TAik(xij

+ vig (@i
where 2(-) is digamma function.

B. KL Divergence for Exponential Family Distributions

We omit the subscript 4, the node index, for notational sim-
plicity. The joint variational distribution of model parameters in
the synthetic example in Section V-A is

Hq ﬂ'lwAk:

and the corresponding ground truth posterior is

Q(m, p, Alg) = g(m

K

= P(ﬂ') H P(ﬂ'kvAk)v

k=1

P(ﬂ', #7A|¢0)
where ¢(w) = Dir(r|e), P(m) = Dir(m|&) are Dirichlet dis-
tributions, and g(gy,, Ax) = NW(py,, Arl@y), Py, Ax) =
NW(p,, Ay |@,) are normal-Wishart distributions. Hence, the
KL divergence between two distributions becomes

d($9. ) )
= KL(Q(m, 1, Aldy) || P(m, 1, Aly))
=KL(Dir(r|a)||Dir(r|&))

K
+ Z KLNW (g, Arc[@i) IV (. A

k=1

).

The KL divergences in the above equation can be computed as
follows.

1) Dirichlet Distribution: The KL divergence between two
Dirichlet distributions is

KL(Dir(r|a)| [ Dir(r|é))
~InB(a) + In B(&),

(673 70(]6 [hlﬂ'k]

\Mw

where & = [y, ..., ax]T, 7 = [71,...,mx]T and B(-) is the
multinomial Beta function, which can be expressed as B(a) =
K K
I Dlaw)/ T2y )
2) Normal-Wishart Distribution: The KL divergence be-
tween two normal-Wishart distributions is

LINW (g, A |95 ) INW (s Ak |dr)
Eg, [In [Agl]
Eg, [Ax]
Eg, At
Eg, [k Arpy]

=Tr Ady,) + A(‘Aﬁk)7

(b — )"

where the natural parameter vector for normal-Wishart distribu-
tion is

Vg — D 1 1 /3k 1
&), = [T’iiwk - 7mkmk78kmka7§ﬁk]T7

and the sufficient statistics that have not been given in
Appendix A include

[E¢k [AL] = l/ka,
[E¢k [Akﬂk] = z/kamk,
Eg, [k Apy]) = DB + ymil Wymy.

In addition, the partition function A(-) for this distribution is

D v viD
Ady) = *3111 1Be| + 7khl|Wk\ + kTth

D .
vp+1—13j

E Inl'(=——2).
+j:1n( 5 )

Hence, the KL divergence between P and ) can be computed
in terms of a closed-form expression using the above equations.
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